Abstract. Let G be a connected complex semisimple Lie group, equipped with a standard multiplicative Poisson structure πst determined by a pair of opposite Borel subgroups (B, B−). We prove that for each v in the Weyl group W of G, the double Bruhat cell G v,v = BvB∩B−vB− in G, together with the Poisson structure πst, is naturally a Poisson groupoid over the Bruhat
Introduction and statements of results

1.1.
Introduction. Let G be a connected complex semisimple Lie group, and let (B, B − ) be a pair of opposite Borel subgroups of G. It is well-known [2, 7, 12, 13, 14] that the choice of (B, B − ), together with that of a symmetric non-degenerate invariant bilinear form on the Lie algebra of G, determine a standard multiplicative Poisson structure π st on G (see §4.1 for detail), and that the complex Poisson Lie group (G, π st ) is the semi-classical limit of the quantized function algebra C q [G] of G. The Poisson structure π st is invariant under left and right translation by elements of the maximal torus T = B ∩ B − of G, and it is well-known [12, 13] that the double Bruhat cells
where W is the Weyl group of (G, T ), are precisely all the T -leaves of (G, π st ), i.e., submanifolds of G of the form ∪ t∈T Σt, where Σ is a symplectic leaf of π st in G (see [21, §2] on some basic facts of T-leaves, where T is any torus). Double Bruhat cells have been studied intensively and have served as motivating examples of the theories of total positivity and cluster algebras (see [1, 8, 11] and references therein). When G is simply connected, symplectic leaves of π st in each double Bruhat cell G u,v are explicitly described in [14] . The Poisson structure π st on G projects to a well-defined Poisson structure π 1 on the flag variety G/B, and each Bruhat cell BvB/B ⊂ G/B, where v ∈ W , is a Poisson subvariety of (G/B, π 1 ). In this paper, we show that for every v ∈ W and any representativev of v in the normalizer subgroup N G (T ) of T in G, the Poisson variety (G v,v , π st ) has a naturally defined groupoid structure over BvB/B, giving rise to a Poisson groupoid (Gv ,v , π st ) over the Poisson variety (BvB/B, π 1 ). The symplectic leaf Σv of π st throughv is then shown to be a Lie sub-groupoid of Gv ,v , becoming thus a symplectic groupoid over (BvB/B, π 1 ). The groupoid structure on G v,v depends on the choice ofv ∈ N G (T ) (thus the notation Gv ,v ), but different choices give isomorphic Poisson groupoids. For u, v ∈ W and respective representativesū,v ∈ N G (T ), we show that the Bruhat cell (G u,v Writing an element g ∈ G v,v uniquely as g = cb = b − c ′ , where b ∈ B, b − ∈ B − , and c, c ′ ∈ Cv, the groupoid structure on G v,v over BvB/B is defined as follows: We will denote by Gv ,v ⇒ BvB/B, or simply Gv ,v , the double Bruhat cell G v,v with the groupoid structure thus defined. For another u ∈ W and any representativeū ∈ N G (T ) of u, define Using the embeddings Iv, we also interpret the Fomin-Zelevinsky twist map on double Bruhat cells [8, 14] in terms of the inverse map of the groupoid (G/B) × B − over G/B. See Remark 5.8.
The Poisson groupoid ((G/B)×B − , π) over (G/B, π 1 ) is a special case of a general construction of action Poisson groupoids associated to quasitriangular r-matrices (see §3.2). More precisely, given a Lie algebra g, a quasitriangular r-matrix r on g, and a Lie algebra action of g on a manifold Y such that the stabilizer subalgebra of g at each point of Y is coisotropic with respect to the symmetric part of r, Li-Bland and Meinrenken defined in [16] an action Courant algebroid over Y with two transversal Dirac structures. In §3.2, we construct a pair of dual Poisson groupoids which integrate the two transversal Dirac structures in the sense that they have the two Dirac structures as their Lie bialgebroids (see Corollary 3.6 and Remark 3.7 for detail). Applying the general construction to the semi-simple Lie algebra g and the standard quasitriangular r-matrix r st on g (see §4.1), we obtain the action Poisson groupoid ((G/B) × B − , π) over (G/B, π 1 ).
Symplectic groupoids and symplectic realizations are closely related to quantizations of the Poisson manifolds [27] . Relations between the symplectic groupoids of Bruhat cells described in this paper and quantum Bruhat cells [3, 15, 23, 32] will be investigated in the future.
The paper is organized as follows. Some basic facts on Poisson Lie groups and Lie bialgebras are recalled in §2. In §3 we construct a pair of dual action Poisson groupoids associated to quasitriangular r-matrices. Some properties of the standard complex semisimple Poisson Lie groups are reviewed and proved in §4. The main theorems of the paper are proved in §5 and §6, where we also generalize some results of [14] on the symplectic leaves of π st in the double Bruhat cells to the case when G not necessarily simply connected.
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1.4. Notation. Throughout this paper, vector spaces are understood to be real or complex. For a finite dimensional vector space V , denote by , the canonical pairing between V and its dual space V * . If r = i x i ⊗ y i ∈ V ⊗ V , let r 21 = i y i ⊗ x i ∈ V ⊗ V and let r ♯ : V * → V be the linear map defined by
For a smooth (resp. complex) manifold X, the space of smooth (resp. holomorphic) k-vector fields on X will be denoted by V k (X). Let X, Y be smooth or complex manifolds. For an integer k ≥ 1 and V X ∈ V k (X) and V Y ∈ V k (Y ), denote by (V X , 0) and (0, V Y ) the k-vector fields on X × Y whose values at (x, y) ∈ X × Y are respectively given by
Let G be a Lie group with Lie algebra g. A left action of g on a manifold Y is a Lie algebra anti-homomorphism λ : g → V 1 (Y ), while a right action of g on Y is a Lie algebra homomorphism
→ gy is a left action of G on Y , one has the induced left action of g on Y , also denoted by λ, given by
Similarly, a right Lie group action ρ : Y × G → Y, (y, g) → yg induces a right Lie algebra action
For g ∈ G, the left and right translation on G by g, as well as their differentials, are respectively denoted by l g and r g . If k ≥ 0 is an integer and x ∈ g ⊗k , we denote by x L and x R the respective left-and right-invariant k-tensor fields on G whose value at the identity element e of G is x. If ξ ∈ ∧ k g * , we use similar notation for the left and right invariant k-forms with value ξ at e. Throughout the paper, if (X, π) is a Poisson manifold and X 1 ⊂ X a Poisson submanifold with respect to π, the restriction of π to X 1 will also be denoted by π unless otherwise specified.
Poisson Lie groups, r-matrices, and mixed product Poisson structures
We recall from [2, 7, 20] some basic facts on Poisson Lie groups and Lie bialgebras, and we refer to [20, §2] in particular on certain conventions on constants and signs.
Poisson Lie groups and Lie bialgebras.
A Lie bialgebra is a pair (g, δ g ), where g is a (real or complex) finite dimensional Lie algebra, and δ g : g → ∧ 2 g a linear map satisfying
, y], x, y ∈ g, and such that the dual map δ * g : ∧ 2 g * → g * defines a Lie bracket on g * . Given a Lie bialgebra (g, δ g ), the pair (g * , δ g * ) is also a Lie bialgebra, where g * is equipped with the Lie bracket dual to δ g , and δ g * : g * → ∧ 2 g * is the dual map of the Lie bracket on g. One calls (g * , δ g * ) the dual Lie bialgebra of (g, δ g ). If (g ′ , δ g ′ ) is any Lie bialgebra isomorphic to (g * , δ g * ), we will call ((g, δ g ), (g ′ , δ g ′ )) a pair of dual Lie bialgebras.
Given a Lie bialgebra (g, δ g ), the vector space d = g ⊕ g * has a natural non-degenerate symmetric bilinear form , d defined by 
is a Lie bialgebra, called the double Lie bialgebra of (g, δ g ). A Poisson Lie group is a pair (G, π G ), where G is a Lie group and π G a Poisson bivector field on G that is multiplicative in the sense that the group multiplication G × G → G is a Poisson map for the direct Poisson structure π G × π G on G × G and π G on G. Given a Poisson Lie group (G, π G ), the bivector field π G vanishes at the identity element e of G, and the linearization
, wherex is any local vector field such thatx(e) = x, is a Lie bialgebra structure on g, and one calls (g, d e π G ) the Lie bialgebra of the Poisson Lie group (G, π G ). If (G * , π G * ) is any Poisson Lie group whose Lie bialgebra is isomorphic to the dual Lie bialgebra of (g, d e π G ), one says that (G, π G ) and (G * , π G * ) form a pair of dual Poisson Lie groups.
Let (G, π G ) be a Poisson Lie group with Lie bialgebra (g, δ g ), and let d be the double Lie algebra of (g, δ g ). Then (G, d) is a Harish-Chandra pair in the sense that the Lie algebra g of G is a Lie subalgebra of d, and the Adjoint action Ad of G on g extends to an action, still denoted by Ad, of G on d by Lie algebra automorphisms. Indeed, one has [5] (2.2)
where Ad *
on G is called the dressing vector field defined by ξ, where ξ R is the right invariant 1-form on G with value ξ at e. By (2.2), one has 
where λ also denotes the linear map
It is shown in [28] that when a Poisson Lie group (G, π G ) is connected, a Lie group action 
2.2.
Poisson structures defined by quasitriangular r-matrices. Recall that a quasitriangular r-matrix on a Lie algebra g is an element r ∈ g ⊗ g such that its symmetric part 1 2 (r + r 21 ) is invariant under the adjoint action of g on g ⊗ g and that r satisfies the Classical Yang-Baxter Equation CYB(r) = 0. Given a quasitriangular r-matrix r ∈ g ⊗ g, one has the Lie bialgebra (g, δ g ), where δ g : g → ∧ 2 g is defined by
A Lie bialgebra (g, δ g ) for which (2.4) holds for some quasitriangular r-matrix r ∈ g ⊗ g is said to be quasitriangular, and in such a case r is called a quasitriangular structure of (g, δ g ). Let r ∈ g ⊗ g be a quasitriangular r-matrix on a Lie algebra g, and let σ : g → V 1 (Y ) be a right Lie algebra action of g on a manifold
which is a 2-tensor field on Y . The following observation was made in [20] .
Poisson, and σ is a (right) Poisson action of the Lie bialgebra (g, δ g ) on the Poisson manifold (Y, σ(r)), where δ g is defined in (2.4).
In the context of Lemma 2.1, when σ(r) is skew-symmetric, the Poisson structure σ(r) on Y is said to be defined by the Lie algebra action σ and the r-matrix r ∈ g ⊗ g. 
) be a quasitriangular Lie bialgebra with quasitriangular r-matrix r ∈ g ⊗ g. Associated to r, one then [20, §2.3] has the Lie subalgebras (2.5)
of g and the Lie bialgebras (f − , δ g | f − ) and (f + , −δ g | f + ), which are dual to each other under the pairing
If (G, π G ) is a connected Poisson Lie group with Lie bialgebra (g, δ g ), and if F + and F − are the connected Lie subgroups of G with respective Lie algebras f + , f − , then F + and F − are Poisson Lie subgroups of (G, π G ). Moreover, denoting by the same symbol the restrictions of π G to both F − and
as the corresponding pair of dual Lie bialgebras. ) is quasitriangular, with a quasitriangular structure defined by the quasitriangular r-matrix
where (x i ) n i=1 is any basis of g and (ξ) n i=1 the dual basis of g * . In this example, the subalgebras f + and f − in (2.5) are respectively g * and g. ⋄ Remark 2.4. Let (g, δ g ) be a Lie bialgebra with a quasitriangular structure r ∈ g ⊗ g. Let d f − be the double Lie algebra of (f − , δ g | f − ), and let
, the underlying vector space of d f − is then f − ⊕ f + , and the map (2.8)
is a Lie algebra homomorphism. Moreover (see [7, Lecture 4] 
by Lie bialgebras, the bivector field π X × (ρ,λ) π Y on the product manifold X × Y given by
is a Poisson structure on X × Y , called the mixed product of π X and π Y associated to (ρ, λ), where (x i ) n i=1 is any basis for g and (ξ i ) n i=1 the dual basis for g * . We also refer to
as the mixed term of π X × (ρ,λ) π Y . Mixed product Poisson structures of the form in (2.9) are studied in [20] .
3. Action Poisson groupoids associated to quasitriangular r-matrices 3.1. Poisson groupoids. We recall from [24, 29, 31] some basic facts on Poisson groupoids. Let G ⇒ Y be a Lie groupoid, with θ, τ : G → Y its source and target maps, ι : G → G the groupoid inverse map, and ǫ : Y → G the identity bisection. Let
be the submanifold of G × G of composable elements. A Poisson bivector field π on G is said to be multiplicative if the graph of the groupoid multiplication Given a Lie groupoid G ⇒ Y , the left translation by a ∈ G is a smooth map
Let ker θ → G be the vector sub-bundle of the tangent bundle of G whose fiber over a ∈ G is the kernel of the differential of θ : G → Y . A vector field V on G is said to be left invariant if it is everywhere tangent to ker θ and is invariant under the left translation by every element in G. The Lie algebroid of G ⇒ Y is then the vector bundle A = ǫ * ker θ over Y with τ : A → T Y as the anchor map and with the Lie bracket on the space Γ(A) of its sections defined by
where for s ∈ Γ(A), → s is the unique left invariant vector field on G which coincides with s on 
Recall also that if G is a Lie group and τ : Y × G → Y, (y, g) → yg, is a right Lie group action of G on a manifold Y , the product manifold Y × G then has the structure of an action groupoid, with τ : Y × G → Y as the target map, with
as the source map, and with the groupoid multiplication, inverse map ι, and the identity bisection ǫ respectively given by
Let g be the Lie algebra of G. Identifying ǫ * ker θ with the trivial vector bundle A = Y × g over Y , the Lie algebroid of the action groupoid Y × G ⇒ Y is then the action Lie algebroid Y × g with anchor map, also denoted by τ , given by
and the Lie bracket on its sections being the unique extending the Lie bracket on g, identified with the space of constant sections.
By an action Poisson groupoid we mean a Poisson groupoid whose underlying groupoid structure is that of an action groupoid.
3.2.
Action Poisson groupoids associated to quasitriangular r-matrices. Let (G, π G ) be a connected Poisson Lie group with Lie bialgebra (g, δ g ), and let (g * , δ g * ) be the dual Lie bialgebra of (g, δ g ). Let (Y, π Y ) be a Poisson manifold, and assume that ρ :
One then has the mixed product Poisson structure π on the product manifold Y × G given by
where λ G is the left Lie algebra action of g on G generated by the left action of G on itself by left multiplication, i.e.,
where recall that for x ∈ g, x R is the right invariant vector field on G with value x at the identity element e. Assume that G also acts on the right of Y by
Then Y × G has the corresponding structure of an action groupoid over Y . We review in this section a necessary and sufficient condition for the pair (Y × G ⇒ Y, π) to be a Poisson groupoid. Let (d, δ d ) be the double Lie bialgebra of (g, δ g ), where recall that d = g ⊕ g * as a vector space, and recall the quasitriangular r-matrix r d on d given in (2.7). Let
where τ also denotes the Lie algebra homomorphism g → V 1 (Y ) induced by the group action
The following Theorem 3.1 was proved in [19] . As [19] is not published, for the convenience of the reader, we give an outline of the proof of Theorem 3.1 given in [19] . We first prove a lemma which explains the main part of Theorem 3.1.
For
is a right Lie algebra action. In such a case, for α ∈ Ω 1 (Y ), one has
Proof. For g ∈ G and y ∈ Y , let
Y × G → G be respectively the projections to the first and the second factors. Let α ∈ Ω 1 (Y ) and let y ∈ Y and g ∈ G. Then
Using the definition of π, one has
be any basis of g and {ξ i } n i=1 the dual basis of g * , so that
It is now clear from (3.4) that 1) holds.
2) Assume now that π Y = −σ(r d ). By (3.4), X α is left invariant if and only if
Pairing both sides of (3.5) with l * g −1 ξ ∈ T * g G, where ξ ∈ g * , and using (2.2), one can rewrite (3.5) as
where recall that p g : d → g and p g * : d → g * are the projections with respect to the decomposi-
Assuming (3.6) and differentiating g ∈ G in the direction of x ∈ g gives
is a Lie algebra homomorphism. Conversely, assume that σ is a Lie algebra homomorphism. The infinitesimal g-invariance of σ in (3.7) and the connectedness of G imply the G-equivariance of the σ, namely (3.6). It is also clear from (3.4) that in such a case, X α = −→ ϕ α with ϕ α as described.
Q.E.D.
Proof of Theorem 3.1 Assuming that σ : d → V 1 (Y ) is a Lie algebra homomorphism and that
is a Poisson groupoid, the other direction of Theorem 3.1 having been proved in Lemma 3.2.
Note first that π Y = −σ(r d ) implies that σ is a right Poisson action of the double Lie bialgebra
It follows by an easy calculation that the target map τ :
of composable pairs is coisotropic with respect to the product Poisson structure π × π on G × G. Note that the graph {(a, b, ab) : (a, b) ∈ G 2 } ⊂ G × G × G of the groupoid multiplication is the graph of the map µ| G 2 : G 2 → G, where
Note also that the map µ is Poisson with respect to the product Poisson structures π × π on G × G and π on G. Indeed, µ = ν • (Id G × p), where the projection p : (Y × G, π) → (G, π G ) to the second factor is Poisson, and the map
is Poisson. It is a general fact, the proof of which is straightforward (see [19, Lemma 3.33] ), that for a Poisson map Φ : (P, π P ) → (Q, π Q ) and a coisotropic submanifold P 1 ⊂ (P, π P ), the graph
where N * P 1 P ⊂ T * P | P 1 is the co-normal space of P 1 in P , and the sub-bundle π
which is easily seen to be contained in the kernel of the differential of µ at ( 
of action Lie algebroids. Their double, as a Courant Lie bialgebroid [17] , is the action Courant algebroid Y × d over Y defined by σ that has been studied in [16] . ⋄ (r d )) , where Y × G * ⇒ Y is the action groupoid over Y defined by the group action of G * on Y , and π Y ×G * is the mixed product Poisson structure on Y × G given by
3) When the assumptions in both 1) and 2) hold, the two action Poisson groupoids in 1) and 2) form a dual pair of Poisson groupoids.
Proof. By Lemma 2.1, σ is a right Poisson action of the Lie bialgebra
, and σ| g is a right Poisson action of the Lie bialgebra (g, δ g ) on (Y, σ(r d )). Now 1) and 2) of Corollary 3.4 follows from Theorem 3.1 applied to the Poisson Lie groups (G, π G ) and (G * , π G * ) respectively, and 3) follows from Remark 3.3.
Q.E.D. ), and assume that r ∈ g ⊗ g is a quasitriangular r-matrix for (g, δ g ). Let Y be a manifold with a right G-action σ : Y × G → Y , and assume that the stabilizer subalgebra of g at every y ∈ Y is coisotropic with respect to the symmetric part of r. By Lemma 2.1 and Remark 2.2, σ(r) is a Poisson structure on Y , where σ : g → V 1 (Y ) also denotes the right Lie algebra action induced by σ.
Recall from §2.2 the pair of dual Lie subalgebras
. Let again F − and F + be the connected subgroups of G with Lie algebras f − and f + respectively, so (F − , π G | F − ) and (F + , −π G | F + ) form a pair of dual Poisson Lie groups. Restricting the action σ of G on Y to actions of F ± on Y , one then has the action groupoids
Let {x i } n i=1 be a basis of f − and {ξ i } n i=1 the dual basis of f + with respect to the pairing , (f − ,f + ) between f − and f + given in (2.6). . For the rest of the paper, let G be a connected complex semisimple Lie group with Lie algebra g. We recall the so-called standard multiplicative Poisson structures on G and refer to [7, 20, 21] for details. Fix a pair (B, B − ) of opposite Borel subgroups of G and a non-degenerate symmetric adinvariant bilinear form , g on g, and let T = B ∩ B − . Denote the Lie algebras of B, B − and T by b, b − and h respectively. Let g = h + α∈∆ g α be the root decomposition of g with respect to h, and let ∆ + ⊂ h * be the set of positive roots with respect to b. We will also write α > 0 for α ∈ ∆ + . Let n = α∈∆ + g α , n − = α∈∆ + g −α , and let N , N − be the connected subgroups of G with respective Lie algebras n and n − . For each α > 0, let E α ∈ g α and E −α ∈ g −α be such that E α , E −α g = 1. Denote by , the bilinear form on both h and h * induced by , g , and let {h i } r i=1 , r = dim h, be a basis of h such that h i , h j = δ ij . The standard quasitriangular r-matrix associated to the choice of the triple (b, b − , , g ) is the element
The bivector field on G defined by (see notation in §1.4)
is a multiplicative Poisson structure on G, and (G, π st ) is called a standard semisimple Poisson Lie group. The Lie bialgebra of (G, π st ) is (g, δ st ), where δ st (x) = ad x r st for x ∈ g. In the notation of §2.2, one has Im(r 3)
A basis for b − and its dual basis for b + with respect to the pairing , (b − ,b) are now given by
Let W = N G (T )/T be the Weyl group of (G, T ), where N G (T ) is the normalizer subgroup of T in G. For u, v ∈ W , the double Bruhat cell (see [8] )
is non-empty, and dim G u,v = l(u) + l(v) + r, where l is the length function on W and recall that r = dim h. It is well known [12, 13] that the T -leaves of (G, π st ) are precisely the double Bruhat cells in G. In particular, for each v ∈ W , both BvB and B − vB − are Poisson submanifolds of G with respect to π st .
4.2.
The Drinfeld double and the dressing vector fields of (G, π st ). The double Lie algebra (d, , d ) of the Lie bialgebra (g, δ st ) can be identified with the quadratic Lie algebra (g ⊕ g, , g⊕g ), where g ⊕ g has the direct product Lie algebra structure, the invariant bilinear form , g⊕g is defined by
and g is identified with g ∆ = {(x, x) : x ∈ g} and g * with [2, 7, 21] ). Let r
st ∈ (g ⊕ g) ⊗ (g ⊕ g) be the r-matrix on g ⊕ g as the double Lie algebra of (g, δ st ) (see Example 2.3), and let 
realizes (G, π st ) as a Poisson subgroup of (G × G, Π st ). Let B op − be the Lie group which has the same underlying manifold as B − , but with the opposite group structure. Then 
It is proved in [20, §6.2 and §8] that Π st is a mixed product Poisson structure on G × G. Namely
We now present some explicit formulas for the dressing vector fields on (G, π st ) which will be used in the proof of Lemma 4.4. Let p g : g ⊕ g → g the projection to g ∼ = g diag with respect to the splitting g ⊕ g = g diag + g * st . Note that for any x ∈ g, writing
Thus for η ∈ n, the dressing vector field d(η, 0) at g ∈ G is given by
Similarly, for η ∈ n − , and x ∈ h, one has 
As both B and B − are Poisson Lie subgroups of (G, π st ), 
is a Poisson map.
The following Lemma 4.3 is a special case of a fact proved in [20, §8.6] , but for the convenience of the reader, we give a proof which is much simpler in our special case. 
Proof. Consider the projection Φ :
Using (4.7) to write Π st = (π st , 0) + (0, π st ) + π mix , it follows from the definition of the mixed term π mix that Φ(π mix ) = 0. Thus Proof. Let g ∈ Σ u,v . By definition, the value at g of every dressing vector field on (G, π st ) is tangent to Σ u,v . By (4.9) and (4.11), the differential of ̟| Σ u,v at g is a surjective linear map from T g Σ u,v to T g·B (BuB/B). Thus ̟| Σ u,v : Σ u,v → BuB/B is a submersion. Similarly,
Q.E.D.
Remark 4.5. Lemma 4.4 implies that for any u, v ∈ W , the maps
are also submersions, a fact one can in fact see directly without computing the dressing vector fields. Indeed, For any g ∈ G and x ∈ b, the element
It follows that the differential of ̟ restricts to a surjective linear map from T g (BgB ∩ B − gB − ) to T g·B (Bg · B) for every g ∈ G. This shows in particular that for any u, v ∈ W , the map ̟| G u,v : G u,v → BuB/B is a submersion. Similarly, one sees that ̟ − | G u,v is a submersion. ⋄ Lemma 4.6. For any u, v ∈ W and for any symplectic leaf Σ u,v of π st in G u,v , one has
where ≤ is the Bruhat order on W defined by the the choice of B.
Proof. (G/B, π 1 ). Let G act on the flag variety G/B from the right by
The action Poisson groupoid ((G/B) × B − , π) over
and let σ : g → V 1 (G/B) be the induced right Lie algebra action of g on G/B given by
where recall that ̟ : G → G/B is the projection. Restricting the G-action on G/B to one of B − on G/B, one then has the action groupoid (G/B) × B − ⇒ G/B, with the source map θ, the target map τ , the groupoid multiplication µ, the inverse map ι, and the identity bisection ǫ respectively given by
Consider the Poisson structure π 1 = ̟(π st ) on G/B. As π st = r L st − r R st and ̟(r L st ) = 0, one has (5.5) 
where
is any basis of b − and {ξ i } n i=1 the dual basis of b with respect to the with the pairing , (b − ,b) between b − and b given in (2.6). By Corollary 3.6 and (5.5),
is an action Poisson groupoid over the Poisson manifold (G/B, π 1 ). Note that the bases for b − and b in (5.6) can be taken to be the ones in (4.3).
The Poisson embedding of (B
is the normalizer subgroup of T in G. In this section, fix v ∈ W and letv ∈ N G (T ) be any representative of v in N G (T ). Let
It is well known that the multiplication maps
are algebraic isomorphisms. Consider now the embedding
The goal of §5.2 is to prove the following Proposition 5.1.
To prepare for the proof of Proposition 5.1, we first prove some properties of Cv.
Lemma 5.2. The submanifold Cv of G is coisotropic with respect to the Poisson structure π st .
Proof. Consider first the subgroup N v = N ∩ (vN −v −1 ) with Lie algebra n v = n ∩ Advn − . We first show that N v ⊂ G is coisotropic with respect to π st . With g * ∼ = g * st , where the pairing between g ∼ = g diag and g * st is via the bilinear form , g⊕g on g ⊕ g, the annihilator subspace
which is a Lie subalgebra of g * st . It follows [22, 26] that N v is a coisotropic subgroup of (G, π st ). Let c ∈ Cv and write c = nv, where n ∈ N v . By the multiplicativity of π st , one has
As N v is coisotropic with respect to
On the other hand, it is easy to see that
. Thus Cv is a coisotropic submanifold of (G, π st ).
Lemma 5.3. The map 
Q.E.D.
Proof of Proposition 5.1:
By §4.2 and in particular (4.7), both (B − vB − ) diag and G × (B − vB − ) are Poisson submanifolds of G × G with respect to the Poisson structure Π st . It is thus enough to show that
is Poisson. Let again (x i ) n j=1 be any basis of b − and (ξ i ) n j=1 the basis of b dual to (x i ) n i=1 under the pairing , (b − ,b) in (4.3). By (4.7), one has Π st = (π st , 0) + (0, π st ) + µ 1 + µ 2 , where 
where ρ − and λ + denote the Poisson Lie group actions as well as the induced Lie bialgebra actions, respectively given by
One then has the Poisson embedding For u ∈ W , restricting Iv to G u,v = BuB ∩ B − vB − ⊂ B − vB − , one has the embedding
It is clear from the definitions that 
is anti-Poisson. Explicitly, the map ιū ,v :
In 
Let T act on G by left multiplication and on (G/B)×B − by (5.14). Then the two decompositions in (5.17) are respectively that of T -leaves of (G, π st ) and ((G/B) × B − , π). Any choice {v ∈ N G (T ) : v ∈ W } gives rise to piecewise T -equivariant Poisson isomorphisms
but the maps {Iv : v ∈ W } do not patch together to define a smooth map from G to (G/B)×B − . See also Remark 5.5. 
is the subgroupoid of (G/B) × B − ⇒ G/B over the subset BvB/B of G/B. 
, and c ′′ ∈ Cv, the groupoid product of g and h is given by
The following Theorem 5.11, which follows directly from Proposition 5.1, is the first main result of this paper. Proof. It is clear that all the structure maps of the groupoid Gv ,v ⇒ BvB/B are smooth. As Cv ⊂ Gv ,v , the source map θv is surjective. By Lemma 4.4, θv is a submersion. Thus Gv ,v is a Lie groupoid over BvB/B. As Iv(G v,v ) is a Poisson submanifold of (G/B) × B − with respect to π, (Gv ,v , π st ) is a Poisson groupoid over (BvB/B, π 1 ).
Remark 5.12. Ifv,ṽ are two representatives of v ∈ W and if t ∈ T is such thatv = tṽ, then the left translation l t : (Gṽ ,ṽ , π st ) → (Gv ,v , π st ) is a Poisson groupoid isomorphism covering the Poisson isomorphism l t : (BvB/B, π 1 ) → (BvB/B, π 1 ). Hence the isomorphism class of (Gv ,v , π st ) as a Poisson groupoid is independent of the choice of the representativev. ⋄
Recall that ̟ − : G → B − \G is the projection, and for each v ∈ W , B − \B − vB − is a Poisson submanifold of B − \G with respect to the Poisson structure π −1 = ̟ − (π st ). For v ∈ W and any representativev of v in N G (T ), define (5.19) Φv :
Lemma 5.13. For v ∈ W and any representativev of v in N G (T ),
is an anti-Poisson isomorphism.
form a weak Poisson pair and if X ′ is a coisotropic submanifold of (X, Q.E.D.
Remark 5.14. With Φv defined in (5.19), for u ∈ W , let
It follows from Lemma 5.13 that ̟ 
where Σ u,v is any symplectic leaf of π st in G u,v . Note that when u = v, ̟| G v,v = θv and ̟ v,v v = τv, the source and target maps of the Poisson groupoid (Gv ,v , π st ) over (BvB/B, π 1 ). ⋄
Commuting Poisson actions of (Gū
is a left Lie groupoid G-action on X with a moment map ν : X → Y and an action map
In such a case, the moment map ν : (X, π X ) → (Y, π Y ) is automatically Poisson [18] . Note that the moment map ν is required to be a submersion to ensure that G * X is a smooth submanifold of G × X. Right Poisson actions of Poisson groupoids are similarly defined, where the moment maps are necessarily anti-Poisson.
Let now u, v ∈ W and letū,v be any respective representatives of u and v in N G (T ). Then it is straightforward to check that the groupoid Gū ,ū acts on G u,v on the left with the moment map ̟| G u,v : G u,v → BuB/B, where the action of g ∈ Gū ,ū on x ∈ G u,v with τū(g) = ̟(x) is the element g ⊲ x ∈ G u,v given by 
One can also check directly that the two groupoid actions commute. 
One now checks directly that under the Poisson isomorphisms Q.E.D.
6. Symplectic groupoids associated to double Bruhat cells 6.1. Symplectic leaves in G u,v . To describe the symplectic leaves of π st in G, it is enough to describe the symplectic leaves in the double Bruhat cells, as the latter are the T -orbits of symplectic leaves of π st in G. For u, v ∈ W , and for any symplectic leaf Σ of π st in G u,v , let T Σ = {t ∈ T : Σ t = Σ}. As T acts transitively on the set of all symplectic leaves of π st in G u,v , T Σ is independent of Σ ⊂ G u,v . We define the leaf-stabilizer of T in G u,v to be
where Σ is any symplectic leaf of π st in G u,v . When G is simply connected, symplectic leaves of π st in each G u,v are determined by Kogan and Zelevinsky in [14] using specially chosen representatives in N G (T ) of elements in W . In this section, for G simply connected, we adapt the results in [14] to describe the symplectic leaves of π st in G using arbitrary choices of representatives of elements in W , and we describe the leaf-stabilizers of T in the double Bruhat cells. We also extend some results from [14] to the case when G is not necessarily simply connected. Assume first that G is connected but not necessarily simply connected. The action of the Weyl group on T will be denoted as t v =v −1 tv, where v ∈ W, t ∈ T , andv is any representative of v in N G (T ). For u, v ∈ W , let
Fix u, v ∈ W and letū,v be any representatives of u and v in N G (T ), respectively. Note that
and recall that for g ∈ N − T N , we write
where [t] denotes the image of t in T /T u,v . Define the map
Then clearly Sū
,v
The following Lemma 6.1 is proved in [14, Proposition 3.1] (neither the assumption that G be simply-connected nor the the special way of choosing representatives of Weyl group elements in N G (T ) made in [14] is needed in its proof). .
Assume now that G is simply-connected, and let Γ ⊂ ∆ + be the set of simple roots. For α ∈ Γ, let ω α ∈ Hom(T, C × ) be the corresponding fundamental weight, and let ∆ α be the corresponding generalized principal minor [8, 14] , which is a regular function on G whose restriction to N − T N is given by ∆ α (g) = [g] 
We now modify the results from [14] to give a description of the connected components of Sū ,v
[t] , and thus also of the symplectic leaves of π st in G u,v . Proposition 6.2. Assume that G is simply connected. Let u, v ∈ W and letū andv be any respective representatives of u and v in N G (T ). Then for any t ∈ T , the restriction of δ 2 to Sū
is a constant map, or, more precisely,
The connected components of Sū ,v
[t] are the 2 |I(u,v)| (all of which non-empty) level sets of the map
Proof. By first choosing a set {e α ∈ g α , f α ∈ g −α , α ∨ ∈ h : α ∈ Γ} of Chevalley generators of g which determines Lie group homomorphisms φ α : SL(2, C) → G for each α ∈ Γ, one can choose the representatives α of s α in N G (T ) to bes α = φ α 0 −1 1 0 for each α ∈ Γ. For w ∈ W and any reduced word w = s α 1 s α 2 · · · s α l of w, the elementw =s α 1s α 2 · · ·s α l is then a representative of w in N G (T ) independent of the choice of the reduced word. Moreover [25,
By [ Let t 0 , t 1 ∈ T be such thatũ = t 0ū and v −1v = t 1 . One checks directly that for g ∈ G u,v ,
It follows that for any t ∈ T and a ∈ T with a 2 = (t
Note now (see [14, (3.12) ]) that ũ −1 g ωα 0 = ∆ α (g) for any α ∈ I(u) and g ∈ BuB. It follows that ∆ α (g) = ±1 for all g ∈ S u,v e and α ∈ I(u, v). Consequently, for all g ∈ Sū ,v
[t] and α ∈ I(u, v),
As there is one connected component of S Corollary 6.3. For any g 0 ∈ G u,v , the symplectic leaf Σ g 0 of π st through g 0 is given by
Remark 6.4. Using the decompositions BuB = CūB and B − vB − = B − Cv, one can describe the maps χ and δ on G u,v more explicitly. Indeed, writing an element g ∈ G u,v as g = ctn = n − t − c ′ , where c ∈ Cū, c ′ ∈ Cv, t, t − ∈ T , n ∈ N and n − ∈ N − , one has χ(g) = [tt v − ] ∈ T /T u,v and ∆ α (g) = t ωα ∆ α (ū) for all α ∈ I(u). ⋄ When u = v, one has T u,v = {e}. As a special case of Corollary 6.3, one has Corollary 6.5. Assume that G is simply connected. Let v ∈ W and letv be any representative of v in N G (T ). Then the symplectic leaf Σv of π st in G throughv is given by
Still assuming that G is simply connected, let
It is clear that T u,v ⊂T u,v . As a direct consequence of Corollary 6.3 and (6.4), one has Corollary 6.6. Assume that G is simply connected. Then for u, v ∈ W , the leaf-stabilizer of
Returning now to the connected semisimple complex Lie group G which may not be simply connected, letĜ be the connected and simply connected cover of G, and let κ :Ĝ → G be the covering map with ker κ = Z, a subgroup of the center ofĜ. Denoting byπ st the multiplicative Poisson structure onĜ defined by the same r-matrix r st ∈ g ⊗ g, the map κ : (Ĝ,π st ) → (G, π st ) is then Poisson. Forĝ ∈Ĝ and g ∈ G, let again Σĝ ⊂Ĝ and Σ g ⊂ G respectively denote the symplectic leaves ofπ st and π st throughĝ and g. LetT = κ −1 (T ), a maximal torus ofĜ. By Corollary 6.6, the leaf-stabilizer ofT inĜ u,v iŝ
Lemma 6.7. For anyĝ ∈Ĝ u,v , one has κ Σĝ = Σ g , where g = κ(ĝ) ∈ G u,v , and κ : Σĝ → Σ g is the quotient map Σĝ → Σĝ/Z u,v , where Z u,v acts on Σĝ by multiplication. Clearly the Z u,v -orbits in Σĝ are contained in the fibers of κ : Σĝ → Σ g . Suppose thatĥ,k ∈ Σĝ are in the same fiber of κ : Σĝ → Σ g . Thenĥz =k for some z ∈ Z. As Σĝz and Σĝ are both symplectic leaves ofπ st and have now a non-empty intersection, Σĝz = Σĝ, and thus z ∈ Z u,v .
Q.E.D. Remark 6.8. Same arguments as in the proof of Lemma 6.7 show that if κ : (X, π X ) → (Y, π Y ) is a covering map that is also Poisson, then the images under κ of the symplectic leaves of (X, π X ) are precisely all the symplectic leaves of (Y, π Y ). ⋄ Lemma 6.9. For any u, v ∈ W , the leaf-stabilizer of T in G u,v is given by T
Proof. LetΣ be a symplectic ofπ st inĜ u,v , and let Σ = κ(Σ). Ifâ ∈T u,v stab , then it follows from Σâ =Σ that Σκ(â) = Σ, so κ(â) ∈ T u,v stab . Conversely, let a ∈ T u,v stab and choose anyâ ∈ κ −1 (a). Letĝ ∈Σ. Then κ(ĝâ) ∈ Σa = Σ, so κ(ĝâ) = κ(ĝ ′ ) for someĝ ′ ∈Σ. Let z ∈ Z be such that gâz =ĝ ′ . AsΣâz andΣ are two symplectic leaves ofπ st and have a non-empty intersection, one must haveΣâz =Σ, and thus a = κ(âz) ∈ κ T u,v stab .
Q.E.D.
Recall from Lemma 6.1 that symplectic leaves of π st in G u,v are the connected components of the sets Sū ,v
[t] given in (6.2), where t ∈ T . Define
It is clear that for each t ∈ T , Sū ,v
[t] is invariant under left translation by elements in T (2) .
Lemma 6.10. For any t ∈ T , the induced action of T (2) on the set of all symplectic leaves of
Proof. Let Σ and Σ ′ be any two symplectic leaves of π st in Sū Thus there exists z ∈ Z such that zχ(Σ) =χ(Σ ′ ). Letâ ∈T be such thatâ 2 = z. Then χ(Σâ) =χ(Σ ′ ). By Proposition 6.2 (see also the proof of [14, Theorem 2.3]), the groupT (2) = {x ∈T :x 2 = e} acts transitively on the set of the symplectic leaves ofπ st in any level set ofχ. Thus there existsx ∈T (2) such thatΣâx =Σ ′ . Let a = κ(âx) ∈ T . Then a ∈ T (2) and Σa = Σ ′ .
Remark 6.11. It follows from Lemma 6.10 and Lemma 6.9 that for t ∈ T , the number of symplectic leaves of π st in Sū
is a 2-group, the number of symplectic leaves of π st in Sū Proof. Assume first that G is simply connected. Consider the action in (5.21). Assume that g ∈ Σū and x ∈ Σ u,v be such that τū(g) = ̟(x), and write g = ctn = n − t − c ′ and x = c ′ t ′ n ′ = n ′ − t ′ − c ′′ , where c, c ′ ∈ Cū, c ′′ ∈ Cv, t, t − , t ′ , t ′ − ∈ T , n, n ′ ∈ N , and n − , n ′ − ∈ N − . Then g ⊲ x = ctnt ′ n ′ = n − t − n ′ − t ′ − c ′′ . By Proposition 6.2, tt u − = e, t ωα = 1 for all α ∈ I(u, v), and
By the definitions of the map χ and the functions ∆ α (see Remark 6.4),
and for every α ∈ I(u, v),
Similarly, one shows that for all x ∈ Σ u,v and h ∈ Σv with ̟ For an arbitrary G, letĜ be the simply connected cover of G with κ :Ĝ → G the covering map and multiplicative Poisson structureπ st , and choose anyû,v ∈Ĝ such that κ(û) =ū and κ(v) =v. Let Z = ker κ, and letΣ u,v be any symplectic leaf ofπ st such that κ(Σ u,v ) = Σ u,v . By Lemma 6.7, the symplectic groupoids (Σū, π st ) and (Σv, π st ) are the respective quotients of the symplectic groupoids (Σû,π st ) and (Σv,π st ) by Z u,u and Z v,v , and that κ :Σ u,v → Σ u,v is the quotient map by Z u,v . It is easy to see that Z u,u ⊂ Z u,v and Z v,v ⊂ Z u,v . Statements 1) and 2) for G now follow from the corresponding statements forĜ.
Q.E.D. Remark 6.13. Let u, v ∈ W , and let Σ u ⊂ G u,u , Σ u,v ⊂ G u,v , and Σ v ⊂ G v,v be arbitrary symplectic leaves of π st . As Σ u = Σū and Σ v = Σv for some representatives ofū andv, we conclude that Σ u and Σ v are symplectic groupoids, respectively over (BuB, π 1 ) and (BvB/B, π 1 ), acting by commuting Poisson actions from the left and right on the symplectic groupoid (Σ u,v , π st ). ⋄ Example 6.14. Let G = SL(2, C), where the pair (B, B − ) consists of the subgroups of respectively upper and lower triangular matrices, and where x 1 , x 2 g = tr(x 1 x 2 ), x 1 , x 2 ∈ sl(2, C).
Writing g ∈ G as g = a 1 , b 1 ). Note that χ is a Casimir function on G s,s and the symplectic leaves in G s,s are precisely given by the (non-zero) level sets of χ. Hence the symplectic leaf Σs of π st throughs ∈ Gs ,s is Σs = az −a a b : a, b, z ∈ C, a = 0, a 2 = 1 − abz . Identify Σs with (6.9) Σ = pt −t t −qt : (p, q, t) ∈ C 3 , t 2 (1 − pq) = 1 .
The induced (non-degenerate) Poisson structure on Σ is given by (6.10) {p, q} = 2(1 − pq), {p, t} = pt, {q, t} = −qt, and the induced symplectic groupoid structure on Σ is given by source map : θ(p, q, t) = p, target map : τ (p, q, t) = p, inverse map : ι(p, q, t) = (p, −qt 2 , t −1 ), identity section : ǫ(p) = (p, 0, 1), multiplication : µ((p 1 , q 1 , t 1 ), (p 2 , q 2 , t 2 )) = (p 1 , q 2 + q 1 t −2 2 , t 1 t 2 ) when p 1 = p 2 . Note that θ −1 (0) = τ −1 (0) is isomorphic to the non-connected abelian Lie group C × Z 2 .
Consider now the group P SL(2, C), and write its elements as [g], where g ∈ SL(2, C). Then the symplectic leaf of π st through [s] ∈ P SL(2, C) is parametrized by the surface The Poisson structure π 1 on BvB/B is then given by {z 1 , z 2 } = −z 1 z 2 . One checks that the groupoid structure on Σv over BuB/B is given as follows: For any v ∈ W and any representativev of v in N G (T ), the symplectic groupoid (Σv, π st ) over (BvB/B, π 1 ) is algebraic in the sense that (Σv, π st ) is an algebraic symplectic variety and that the structure maps for the groupoid are all algebraic morphisms. However, as one can already see in the example of SL(2, C), the source fibers of these groupoids are not necessarily connected. It would be interesting to understand how source-fiber connected symplectic groupoids can be constructed from the ones in this paper. ⋄.
